Abstract. Let A i be a type I von Neumann subalgebra in a type II 1 factor M i with the faithful trace τ i such that
Introduction
A von Neumann subalgebra B of a von Neumann algebra M is a maximal injective subalgebra of N if B is injective and cannot be included properly in an injective von Neumann subalgebra L of M. The injective von Neumann subalgebras of a type II 1 factor are closed under weak limits of unions of ascending chains so maximal injective von Neumann subalgebras exist in all type II 1 factors ( [Co] ). But it is quite difficult to find explicit examples of maximal injective subalgebras in type II 1 factors. Popa [Po] found firstly explicit examples of maximal injective von Neumann algebras in type II 1 factors by showing that the masa (i.e., maximal abelian self-adjoint subalgebra) of L F n generated a generator of the free group F n of n generators, which is called a generator masa, is maximal injective in the free group factor L F n . Popa's work [Po] also answered the following Kadision's problem negatively.
Kadison's problem ( [Ka] and [Ge] ). Does each self-adjoint operator in a II 1 factor lie in some hyperfinite subfactor?
Ge [Ge1] provided plenty of examples of maximal injective subalgebras in type II 1 factors by showing that every non-atomic injective finite von Neumann algebra can be embedded as a maximal injective subalgebra in the free product von Neumann algebra of the algebra and the group von Neumann algebra of a countable discrete group. Shen [Sh] found a McDuff factor with a masa as its maximal injective subalgebra. Hou [Hou] found a non-McDuff type II 1 factor of property Γ, where a masa is a maximal injective subalgebra.
In the paper [Po] , Popa asked the following question. The first progress on this problem was made by Ge and Kadison, who gave a positive answer in [GK] when B 1 = M 1 is an injective factor. The result was subsequently improved by Stratila and Zsido in [SZ] , who showed that if B 1 = M 1 is an injective finite von Neumann algebra and M 2 has a separable predual, then [Sh] investigated the problem for generator masas in free group factors and showed that the (infinite or finite) tensor product of generator masas of free group von Neumann algebras is maximal injective in the tensor product of the group von Neumann algebras (Theorem 4.1 in [Sh] ). Fang [Fa] obtained a positive answer to Popa's question when the center of B 1 is atomic and M 2 has a separable predual. Very recently, Cameron, Fang, Ravichandran, and White [CFRW] showed that the radical masa (i.e., the masa generated by the sum of all generators and their inverses of the group) in the free group von Neumann algebra L F n is maximal injective (Theorems 2.8 and 6.2 in [CFRW] ). They also proved that the finite tensor product of generator and radical masas is maximal injective in the finite tensor product of the group von Neumann algebras (Corollary 6.5 in [CFRW] ).
Let A i be a type I von Neumann subalgebra in a type II 1 factor M i with the faithful trace τ i such that A i ∩ M i ⊆ A i , for i = 1, 2, · · · . Moreover, suppose A i has the asymptotically orthogonal property in M i after tensoring the finite von Neumann algebra ⊗ j =i M j , for all i = 1, 2, · · · (see Definition 2.3). Then we show in this paper that ⊗ ∞ i=1 A i is maximal injective in the infinite tensor product von Neumann algebra ⊗ ∞ i=1 M i . As a consequence, we get the following result: The infinite tensor product of generator and radical masas is maximal injective in the infinite tensor product of the free group von Neumann algebras. This result generalizes the results in [Sh] and [CFRW] .
In this paper, we use M ⊗ N to denote the von Neumann algebra tensor product of two von Neumann algebras M and N . We assume that all von Neumann algebras (except ultra-power von Neumann algebras) have separable preduals.
The main results

Lemma 2.1. Let A i be a von Neumann subalgebra in a finite von Neumann algebra M with a faithful normal tracial state
By Exercise 12.4.37 in [KR] (see also Lemma 1.5 in [Fa] ) and induction, 
thus,
Now we show that E n (x) → x with respect to the strong operator topology, for x ∈ M. This may be a well known result. We give a proof here for completeness.
By the Kaplansky density theorem, we can find a net {x λ : λ ∈ Λ} of elements in M 0 such that x λ → x in strong operator topology, and x λ ≤ x . Since M acts on L 2 (M, τ ) standardly and M has a separable predual, we can find a sequence {x n } n of elements in M 0 such that x n → x in strong operator topology (and in the Hilbert norm · 2 ). For every > 0, we can find an n such that x − x n 2 < /2.
in strong operator topology, since the convergence in strong operator topology is equivalent to that in · 2 on norm bounded sets if M has a separating and generating element. Hence,
The proof is complete. As a consequence, we have the following result.
Corollary 2.2. Let A i ⊂ M i be an inclusion of a masa in a finite von Neumann algebra M i with a fixed faithful normal trace
Cameron, Fang, Ravichandran, and White introduced the following concept in [CFRW] .
Definition 2.3 ([CFRW]
). Let A be a type I von Neumann subalgebra of a type II 1 von Neumann algebra M with a fixed faithful normal trace τ M . Let N be a finite von Neumann algebra with a fixed faithful trace τ N . We say that A has the asymptotic orthogonality property after tensoring N if there is a non-principal ultrafilter ω ∈ βN−N such that x 1 y 1 ⊥ y 2 x 2 whenever x 1 , x 2 ∈ (A⊗C1) ∩(M⊗N ) ω with E (A⊗N ) ω (x i ) = 0 and y i ∈ M⊗N with E A⊗N (y i ) = 0, for i = 1, 2. Especially, A has the asymptotic orthogonality property in M if it has the property in M after tensoring N = C1. Here E A : A → N is the trace-preserving conditional expectation from a finite von Neumann algebra M with a fixed faithful normal trace onto its von Neumann subalgebra A.
Remark 2.4. If a type I von Neumann subalgebra A of a type II 1 von Neumann algebra M has the asymptotic orthogonality property after tensoring a finite von Neumann algebra N , and N 1 and N 2 are von Neumann subalgebras of N such that N ∼ = N 1 ⊗ N 2 , then A has the asymptotic orthogonality property after tensoring N 1 or N 2 . Especially, A is asymptotic orthogonal in M (after tensoring CI).
Proof. We prove the property for N 1 only, since the same method works for N 2 . We may assume that
ω by the argument in (2.3) of [Ge1] . Thus, we may consider
and we used the fact that E A⊗B = E A ⊗ E B for two inclusions A ⊆ M and B ⊆ N of finite von Neumann algebras (Remark 3.6.4 in [SS] ). Hence, E (A⊗N ) ω ( x i ) = 0, i = 1, 2. Similarly, E A⊗N ( y i ) = 0. By the hypothesis,
The proof is complete.
As a corollary (and a sort of generalization) of Theorem 2.8 in [CFRW] , we have the following result. Let us first recall a concept from [SS] and [CFRW] . Let 
Proof. By the above remark, A i is asymptotically orthogonal in M i , for all i. By Corollary 2.9 in [CFRW] , A is maximal injective in M i , for all i. By Theorem 2.8 in [CFRW] , A 1 ⊗ A 2 is maximal injective and of type I in M 1 ⊗ M 2 . By induction,
We are in a position to give the main result of this paper. Some ideas in the proof are similar to those in [Sh] . 
for all x ∈ M. Let R be an intermediate injective von Neumann subalgebra, A R ⊂ M. Take an element x ∈ R \ A. Then there are numbers α and β such that
where the last equality holds true due to Lemma 2.1. Moreover, by the proof of Lemma 2.4 in [CFRW] , if A is a type I von Neumann subalgebra in a finite von Neumann algebra M and
It implies from Lemma 3.6.5 in [SS] that E B k (x) is the unique element of minimal
where U(N ) is the unitary group of von Neumann algebra N . Hence,
is not in A. Let S be the von Neumann subalgebra of R ∩ B k generated by y and A. Then S is injective, since R in injective. Hence, we have A S ⊂ B k . On the other hand, by Lemma 2.5, A 1 ⊗ · · · ⊗ A k−1 is maximal injective in M 1 ⊗ · · · ⊗ M k−1 . Moreover, ⊗ i≥k A i is injective. By a theorem in [SZ] (see also Theorem 2.5 in [Fa] ), A is maximal injective in B k . This leads to a contradiction. Hence, R = A. The proof is complete.
Popa [Po] showed that the generator masas are asymptotically orthogonal in the free group factor L F n after tensoring a finite von Neumann algebra (see Section 14.2 in [SS] ) and an explanation in [CFRW] ). Cameron, Fang, Ravichandran, and White [CFRW] showed that the radical masa is asymptotically orthogonal in L F n after tensoring a finite von Neumann algebra (Theorem 6.2 in [CFRW] ). Thus, as a consequence of the above theorem, we have the following result, which generalizes the results in [Sh] and [CFRW] .
Corollary 2.7. Let M i be the group von Neumann algebra of the free group F i generated by k i (< ∞) elements a 1,i , a 2,i , · · · , a k i ,i , k i ≥ 2, for i = 1, 2, · · · . Let A i be the masa of M i generated by a 1,i or
